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Projekter

Partikelfysik
- “The Large Hadron Collider” har nu kørt et år, og vi er i fuld gang med at 

analysere data. LHC projektet går ud på at kigge på simuleret data for en 
mulig ny type partikel kaldet “R-Hadron”. Ved at kombinere målinger fra 
forskellige dele af ATLAS detektoren, er det muligt at komme med et præcist 
masse estimat for partiklen, hvis den eksisterer...

Kosmisk stråling
- På loftet af Rockefeller, HCØ og her på blegdamsvej, sidder en serie 

målestationer, der opfanger stråling skabt i atmosfæren af energi-rige 
partikler af kosmisk oprindelse. Projektet omhandler dataanlyse af virkelig 
data fra disse stationer, samt lignede data fra udlandet. Er det muligt at se 
om der er korrelationer mellem antallet af målte partikler og atmosfærens 
tryk?

Dopplereffekten og Fourier transformationer
- Ved hjælp af fourier analyse, en mikrofon, og MATLAB er det muligt at måle 

hastigheden af en forbipaserende ambulance, men det er lidt svært...



       - ikke altid så nemt...

• Typisk: mange forskellige målinger på det samme 
system, hvad er sammenhængen mellem dem?

• Er nogle målinger redundante?
• Er der simple relationer mellem komplicerede 

observationer?
• Separation af signal og støj.
• Klassifikation af observationer
• Interpolering (bestem manglende information ud 

fra målinger)

Statistiske metoder kan bruges til andet end 
kvantisering af måleresultater, de kan give os 
et nyt perspektiv, der gør det nemmere at finde 
nye sammenhænge.
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Motivation

Find grupperinger af data 
C-Means clustering algoritme
(Partikel jets i i LHC data, pythia simulation)

Nearest neighbour clustering
“old faithful geyser”

Idé — Forsøg — Observation — Teori ↵
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Korrelationer

• Korrelation = hvis noget sker for 
x sker det i nogen grad også for 
y. graden af korrelation 
beskriver hvor meget de to 
variable varierer i forhold til 
hinanden.

• “Nomaliseret” kovarians.
• At noget er korreleret er ikke 

ensbetydende med at der er et 
kausalt forhold.

• At noget ikke er (lineært) 
korreleret betyder ikke 
nødvendigvis at der ikke er en 
sammenhæng!

Figure 3: A spectrum of possible redundancies in
data from the two separate recordings r1 and r2 (e.g.
xA, yB). The best-fit line r2 = kr1 is indicated by
the dashed line.

information. Consider Figure 3 as a range of possi-
bile plots between two arbitrary measurement types
r1 and r2. Panel (a) depicts two recordings with no
redundancy. In other words, r1 is entirely uncorre-
lated with r2. This situation could occur by plotting
two variables such as (xA, humidity).

However, in panel (c) both recordings appear to be
strongly related. This extremity might be achieved
by several means.

• A plot of (xA, x̃A) where xA is in meters and x̃A

is in inches.

• A plot of (xA, xB) if cameras A and B are very
nearby.

Clearly in panel (c) it would be more meaningful to
just have recorded a single variable, the linear com-
bination r2 − kr1, instead of two variables r1 and r2

separately. Recording solely the linear combination
r2 − kr1 would both express the data more concisely
and reduce the number of sensor recordings (2 → 1
variables). Indeed, this is the very idea behind di-
mensional reduction.

4.3 Covariance Matrix

The SNR is solely determined by calculating vari-
ances. A corresponding but simple way to quantify
the redundancy between individual recordings is to

calculate something like the variance. I say “some-
thing like” because the variance is the spread due to
one variable but we are concerned with the spread
between variables.

Consider two sets of simultaneous measurements
with zero mean3.

A = {a1, a2, . . . , an} , B = {b1, b2, . . . , bn}

The variance of A and B are individually defined as
follows.

σ2
A = 〈aiai〉i , σ2

B = 〈bibi〉i
where the expectation4 is the average over n vari-
ables. The covariance between A and B is a straigh-
forward generalization.

covariance of A and B ≡ σ2
AB = 〈aibi〉i

Two important facts about the covariance.

• σ2
AB = 0 if and only if A and B are entirely

uncorrelated.

• σ2
AB = σ2

A if A = B.

We can equivalently convert the sets of A and B into
corresponding row vectors.

a = [a1 a2 . . . an]

b = [b1 b2 . . . bn]

so that we may now express the covariance as a dot
product matrix computation.

σ2
ab ≡

1

n − 1
abT (3)

where the beginning term is a constant for normal-
ization5.

Finally, we can generalize from two vectors to an
arbitrary number. We can rename the row vectors
x1 ≡ a, x2 ≡ b and consider additional indexed row

3These data sets are in mean deviation form because the
means have been subtracted off or are zero.

4〈·〉i denotes the average over values indexed by i.
5The simplest possible normalization is 1

n
. However, this

provides a biased estimation of variance particularly for small
n. It is beyond the scope of this paper to show that the proper
normalization for an unbiased estimator is 1

n−1
.
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Kovarians:

cov(x, y) =
1

N

N�

i=1

(xi − x̄)(yi − ȳ)

ρ =
cov(x, y)

σxσy



Figure 1: A diagram of the toy example.

motion along the x direction is solved by an explicit
function of time. In other words, the underlying dy-
namics can be expressed as a function of a single vari-
able x.

However, being ignorant experimenters we do not
know any of this. We do not know which, let alone
how many, axes and dimensions are important to
measure. Thus, we decide to measure the ball’s posi-
tion in a three-dimensional space (since we live in a
three dimensional world). Specifically, we place three
movie cameras around our system of interest. At
200 Hz each movie camera records an image indicat-
ing a two dimensional position of the ball (a projec-
tion). Unfortunately, because of our ignorance, we
do not even know what are the real “x”, “y” and “z”
axes, so we choose three camera axes {!a, !b,!c} at some
arbitrary angles with respect to the system. The an-
gles between our measurements might not even be
90o! Now, we record with the cameras for 2 minutes.
The big question remains: how do we get from this
data set to a simple equation of x?

We know a-priori that if we were smart experi-
menters, we would have just measured the position
along the x-axis with one camera. But this is not
what happens in the real world. We often do not
know what measurements best reflect the dynamics
of our system in question. Furthermore, we some-
times record more dimensions than we actually need!

Also, we have to deal with that pesky, real-world
problem of noise. In the toy example this means

that we need to deal with air, imperfect cameras or
even friction in a less-than-ideal spring. Noise con-
taminates our data set only serving to obfuscate the
dynamics further. This toy example is the challenge
experimenters face everyday. We will refer to this
example as we delve further into abstract concepts.
Hopefully, by the end of this paper we will have a
good understanding of how to systematically extract
x using principal component analysis.

3 Framework: Change of Basis

The Goal: Principal component analysis computes
the most meaningful basis to re-express a noisy, gar-
bled data set. The hope is that this new basis will
filter out the noise and reveal hidden dynamics. In
the example of the spring, the explicit goal of PCA is
to determine: “the dynamics are along the x-axis.”
In other words, the goal of PCA is to determine that
x̂ - the unit basis vector along the x-axis - is the im-
portant dimension. Determining this fact allows an
experimenter to discern which dynamics are impor-
tant and which are just redundant.

3.1 A Naive Basis

With a more precise definition of our goal, we need
a more precise definition of our data as well. For
each time sample (or experimental trial), an exper-
imenter records a set of data consisting of multiple
measurements (e.g. voltage, position, etc.). The
number of measurement types is the dimension of
the data set. In the case of the spring, this data set
has 12,000 6-dimensional vectors, where each camera
contributes a 2-dimensional projection of the ball’s
position.

In general, each data sample is a vector in m-
dimensional space, where m is the number of mea-
surement types. Equivalently, every time sample is
a vector that lies in an m-dimensional vector space
spanned by an orthonormal basis. All measurement
vectors in this space are a linear combination of this
set of unit length basis vectors. A naive and simple
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Principal Component Analysis

• Simpel metode til at bestemme de mest relevante 
komponenter (kombinationer af variable) i et 
forsøg.

• Lineær Algebra (i troede det var slut?... hehe)
• Find en basis for målingerne der minimerer 

korrelationen mellem komponenterne.
• Sorter komponenterne sådan at de mest 

dominerede kommer først, og ignorer resten.

• Eksempel: en kugle på en fjeder, hvor positionen 
er målt i {x,y} af tre kameraer 
med forskellige perspektiver (ikke nødvendigvis 
vinkelret på hinanden eller fjederen!).
• Mål: find den grundlæggende dynamik 

(Hooke’s lov) i et ikke-ideelt system.



Overskrift her

Navn på 
oplægsholder

Navn på KU-enhed

Eksperimentel Fysik

19. maj 2011

PCA Eksempel “iris” datasættet

Før PCA Efter PCA

http://en.wikipedia.org/wiki/Iris_flower_data_set

Sepal Length, Sepal Width, Petal Length, Petal Width

http://en.wikipedia.org/wiki/Iris_flower_data_set
http://en.wikipedia.org/wiki/Iris_flower_data_set
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PCA Eksempel “iris” datasættet
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Algoritme

Korrelation

Ved at normalisere kovariansen med produktet af standard afvigelsen for de to observable (ligning 3), kan

man f̊a et korrelationsmål. Denne type korrelation kaldes for lineær, da den ikke kan beskrive komplicerede

afhænigigheder, som f.eks. symmetrier.

ρX,Y = corr(X,Y ) =
cov(X,Y )

σXσY
=

E[(X − µX)(Y − µY )]

σXσY
(3)

For linære sammenhænge, vil ρX,Y give et tal mellem −1 og 1, hvor 1 svarer til at de to observable er 100%

korrelerede, hvilket betyder at den ene variable beskriver det samme som den anden. Modsat vil ρX,Y = −1

betyde at en måling af en positiv værdi for X vil resultere negativ måling af Y , X og Y siges at være modsat

korrelerede. Er ρX,Y = 0, er de to observable ikke korrelerede.

• Opgave 1: I datasættet ‘lande.txt’ findes en række lande samt deres areal og antal indbyggere.

Opgaven best̊ar i at undersøge korrelationerne mellem de to variable.

• Opgave 2: Korrelation kan være tegn p̊a et kausalt forhold mellem to eller flere variable, men det er

ikke garanteret, Undersøg datasættet ‘opg2data.txt’ ved at beregne korrelationen mellem de forskellige

observable, Er de korrelerede? Plot de forskellige observable mod hinanden, findes der en sammenhæng

mellem de forskellige observable? Forklar hvad du ser.

Principal Component Analysis

Ved hjælp af lineær algebra, kan man finde en basis for et systems observable, der maksimerer variansen i

hver dimension. En stor fordel ved denne metode er at antallet af observable kan reduceres hvis en eller flere

beskriver samme fænomen. Teknikken kaldes for principal component analysis.

• Forbered datasættet med N datapunkter af xi = (x1i,x2i, ...xni) som en matrix X med dimensionerne

N ×M .

• Fratræk middelværdien af hver søjle (observabel), B = Xi − µi

• Beregn kovarians matricen, C =
1
NB

T
B

• Beregn egenværdierne og egenvektorerne af C, s̊adan at V−1
CV = D, hvor V er egenvektorerne af C

og D er en M ×M matrice med egenværdierne af C langs diagonalen.

• Sorter søjlerne af D med de største egenværdier først. Benyt samme sortering p̊a egenvektorene i V.

• Fravælg egenværdierne som falder under en grænseværdi η, der sættes s̊adan at de tilbageværende

komponenter beskriver mest muligt (typisk 90%).

• Projekter det oprindelige datasæt med egenvektorerne: X� = V
T
B.

• Opgave 3 Udforskning af iPod data med PCA teknikken.

References
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Øvelser

På Absalon findes tre zip filer med MATLAB opgaver (*.m filerne) og datasæt, hent filerne og åben 
opgaverne.

Opgave 0: (opvarmning, spring bare over hvis det er for nemt)
• Cavendish’ målinger af Jordens massefylde.

• Middelværdien, standardafvigelsen, outliers.

Opgave 1:
• Forholdet mellem landes areal og deres indbyggertal.

• Plot forholdet
• Find kovariansen og korrelationen.

Opgave 2:
• Et ubehageligt datasæt...

• Find korrelationen mellem to variable...

Opgave 3:
• Principal Component Analyse af iPod data

• Hvilke effekter dominerer i virkeligheden målingerne af accelerationen i tre retninger?
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MATLAB cheat sheet
Data import
data = dataimport(‘data.txt’);

Scatter plots
scatter(data(:,1), data(:,2))

Histogrammer
hist(data(:,1), nbins)

Egenværdier og vektorer
[V e] = eig(data)

Statistik
mean(⋄), std(⋄), var(⋄), cov(⋄), corr

(⋄), pcacov(⋄)

Fitting
Curve fitting toolbox eller fit(⋄)
Programmering
for(⋄), sort(⋄)

Matricer
diag(⋄), repmat(⋄), size(⋄)

Løsningerne til opgaverne 
findes på absalon.
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MATLAB cheat sheet (når du virkelig har problemer)

Kovariansmatrix

kovarians = 1./size(data.data,1) .*  data.data' * data.data;

Korrelationsmatrix

for i=1:size(kovarians,1)
    for j=1:size(kovarians,2)
        corrl(i,j) = kovarians(i, j)./(sqrt(kovarians(i,i)) .* sqrt(kovarians(j,j)));
    end
end


